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PLECTIC GALOIS ACTION ON CM POINTS AND CONNECTED
COMPONENTS OF HILBERT MODULAR VARIETIES
MARIUS LEONHARDT
Abstract. We expand on Nekovář’s construction of the plectic half transfer to
define a plectic Galois action on Hilbert modular varieties. More precisely, we
study in a unifying fashion Shimura varieties associated to groups that differ only
in the centre from RF/QGL2. We define plectic Galois actions on the CM points
and on the set of connected components of these Shimura varieties, and show that
these two actions are compatible. This extends the plectic conjecture of Nekovář–
Scholl.
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1. Introduction
In this article we study new symmetries in the theory of complex multiplication
(CM). The Main Theorem of CM due to Tate [Tat16] and Deligne [Del82] describes
the Galois conjugate of a CM abelian variety and consequently the action of the
absolute Galois group ΓQ of Q on the CM points of certain Shimura varieties. For
one of these Shimura varieties — the PEL Hilbert modular variety — Nekovář
[Nek09] extended this Galois action on the CM points to a certain subgroup of the
plectic Galois group defined below.
The main purpose of this article is to extend Nekovář’s results to all Shimura
varieties whose associated groups differ only in the centre from RF/QGL2, where
F is a totally real field. This is motivated by the so-called “plectic conjecture” of
Nekovář–Scholl [NS16]. It predicts an additional “plectic” structure of motivic origin
on the Shimura variety associated to RF/QGL2 — the (non-PEL) Hilbert modular
variety. By studying all groups that differ in the centre from RF/QGL2, we both
generalise and interpolate between [Nek09] and [NS16].
Fix a totally real field F of degree [F : Q] = r. The plectic Galois group is the
semi-direct product Sr ⋉ Γ
r
F of the symmetric group Sr with r-tuples of elements
of the absolute Galois group of F . A choice of coset representatives si for ΓQ/ΓF
1
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yields an embedding of ΓQ into Sr⋉Γ
r
F by sending γ to (σ, (hi)1≤i≤r) determined by
γsi = sσ(i)hi, 1 ≤ i ≤ r.
The PEL Hilbert modular variety Sh(G0, X0) is the Shimura variety associated
to the group G0 defined by the Cartesian diagram
(1.1)
G0 RF/QGL2
Gm RF/QGm.
RF/Q(det)
The Shimura variety Sh(G0, X0) is of PEL type; it parametrises isomorphism
classes of abelian varieties with real multiplication by F equipped with extra struc-
ture. If P is a special point of Sh(G0, X0), then P corresponds to a CM abelian
variety A of type (K,Φ) for a totally imaginary quadratic extension K of F and a
CM type Φ of K. For γ ∈ ΓQ, the Galois conjugate
γP of P thus corresponds to the
Galois conjugate γA of A. The Main Theorem of CM describes γA via Tate’s half
transfer FΦ(γ) ∈ Γ
ab
K and a suitably normalised preimage of FΦ(γ) under the Artin
map, the Taniyama element
fΦ(γ) ∈ A
×
K,f/K
×.
To extend the Galois action on the CM points of Sh(G0, X0) to a plectic Galois ac-
tion, Nekovář defines a plectic half transfer FΦ : Sr⋉Γ
r
F → Γ
ab
K extending Tate’s half
transfer. For elements of a certain subgroup (Sr⋉Γ
r
F )0 of Sr⋉Γ
r
F , he defines a plec-
tic Taniyama element taking values in A×K,f/K
× as a class-field-theoretic preimage
of the plectic half transfer. The action of (Sr⋉Γ
r
F )0 on the CM points of Sh(G0, X0)
is then defined by replacing the Taniyama element by its plectic counterpart.
The group G0 is closely related to RF/QGL2. In this article we study Shimura
varieties associated to groups G that are related to RF/QGL2 by the Cartesian
diagram
(1.2)
G RF/QGL2
R RF/QGm,
RF/Q(det)
i. e. we replace Gm in (1.1) with an arbitrary Q-algebraic torus R with Gm ⊂ R ⊂
RF/QGm. For example, for R = RF/QGm the group G is equal to RF/QGL2 whose
associated Shimura variety is the non-PEL Hilbert modular variety.
For the rest of this introduction, fix such a torus R and the corresponding group
G. In Definition 3.15 we define a subgroup (Sr ⋉Γ
r
F )
R
CM of Sr ⋉Γ
r
F . The first result
is
Theorem 1.1 (Theorem 3.18). The group (Sr ⋉ Γ
r
F )
R
CM acts on the CM points of
the Shimura variety Sh(G,X), extending the action of ΓQ.
To prove it, we follow a strategy similar to Nekovář’s. Namely, we start by de-
scribing the points of Sh(G,X) in terms of abelian varieties with real multiplication
equipped with extra structure, see Theorem 2.4, and use Nekovář’s plectic half
transfer. The main difference is that by choosing a splitting χF of the Artin map
rF : A
×
F,f/F
×
>0 → Γ
ab
F , we are able to define the plectic Taniyama element on the
entire plectic group Sr ⋉ Γ
r
F , see Definition 3.11. In the theorem, we then have to
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restrict to a subgroup (Sr ⋉ Γ
r
F )
R
CM of Sr ⋉ Γ
r
F because otherwise the action on the
polarisation class of the CM abelian variety would not be well defined.
We similarly define, in Definition 4.8, another plectic group (Sr ⋉ Γ
r
F )
R
pi0
and
an action of this group on the set π0(Sh(G,X)) of connected components of the
Shimura variety Sh(G,X). This action extends the ΓQ-action, and moreover the
group (Sr ⋉ Γ
r
F )
R
CM canonically embeds into (Sr ⋉ Γ
r
F )
R
pi0
, see Lemma 4.11. Using
the description of the set of connected components of a Shimura variety as a zero-
dimensional Shimura variety in combination with the plectic actions defined above,
we prove our main result:
Theorem 1.2 (Theorem 4.12). The π0-map restricted to CM points is (Sr⋉Γ
r
F )
R
CM-
equivariant.
Nekovář–Scholl conjecture a plectic structure for Shimura varieties associated to
groups of the form RF/QH , for a reductive group H over F . In [NS16] they out-
line how this plectic structure should manifest in various realisations and sketch
arithmetic applications to special values of L-functions. For example, on the étale
cohomology groups of Shimura varieties, a plectic structure is simply an action of
the plectic group extending the Galois action.
In this article, we describe plectic structures on CM points and on the set of
connected components for the Shimura variety associated to G. However, the group
G is not of the form RF/QH for any H unless R = RF/QGm, in which case G =
RF/QGL2. In this special case, our results fit into the framework of [NS16]
1. By
proving our results for all R and hence for all G that differ in the centre from
RF/QGL2, we add some flexibility to the plectic framework. In the case R = Gm
the action in Theorem 1.1 is precisely the one discovered in [Nek09]; we thus bridge
the gap between [Nek09] and [NS16].
The definition of the plectic action on π0(Sh(G,X)) and Theorem 1.2 are new
results even for R ∈ {Gm, RF/QGm}. For other plectic structures, see [NS17] for
the Hodge realisation and [Bla16] for the construction of a plectic Taniyama group.
Recently, Tamiozzo [Tam19] proved a function field analogue of the plectic conjecture
and proposed a way of tackling the number field version using Scholze’s diamonds
and mixed characteristic shtukas.
Structure of the article. Section 2 serves a threefold purpose. We introduce
notation, study the Shimura varieties Sh(G,X), and present the results of CM theory
in a form most amenable to generalisation. In §2.2 we prove that G and RF/QGL2
differ only in the centre, see Lemma 2.1, and that the complex points of Sh(G,X)
can be described using abelian varieties equipped with real multiplication and an
R(Q)-class of a polarisation, see Theorem 2.4. In particular, this allows us to study
the special, i. e. CM, points of Sh(G,X) in §2.3. For a fixed CM field K, we describe
the ΓQ-action on points of Sh(G,X) with CM by K of CM type Φ using Tate’s half
transfer FΦ : ΓQ → Γ
ab
K , the Taniyama element
fΦ : ΓQ −→ A
×
K,f/K
×,
and the Main Theorem of CM, see Theorem 2.6.
In Section 3 we explain the plectic generalisation of CM theory. We start §3.1
with properties of the plectic Galois group Γpl, a choice-free version of Sr ⋉ Γ
r
F ,
and then recall the definition of Nekovář’s plectic half transfer FΦ : Γ
pl −→ ΓabK . In
1[NS16, Prop. 6.8] states Theorem 1.1 in the case R = RF/QGm without proof.
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§3.2 we use a splitting χF of the reciprocity homomorphism rF : A
×
F,f/F
×
>0 → Γ
ab
F to
define the plectic Taniyama element
fΦ : Γ
pl −→ A×K,f/K
×
as a suitably normalised preimage of FΦ under rK : A
×
K,f/K
× → ΓabK . We prove
that the plectic Taniyama element extends the (non-plectic) Taniyama element, see
Lemma 3.13. Then we define the group Γpl,RCM and an action of this group on the CM
points of Sh(G,X), proving Theorem 3.18.
Section 4 is devoted to the set π0(Sh(G,X)) of connected components of the
Shimura variety Sh(G,X). Using the general machinery of Shimura varieties, we
prove in Lemma 4.1 that this set is equal to the zero-dimensional Shimura variety
Sh(R,S) and recall the action of ΓQ on it, which is given by a certain reciprocity
homomorphism, see Definition 4.4. We show in Lemma 4.6 that π0(Sh(G,X)) =
π0(R(A)/R(Q)), enabling us to define the plectic group Γ
pl,R
pi0
and an action of this
group on π0(Sh(G,X)) extending the Galois action, see Definition 4.8. In Lemma
4.11 we prove that Γpl,RCM canonically embeds into Γ
pl,R
pi0
, and then prove our main
result in Theorem 4.12.
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2. Set-up
2.1. Notation. We denote the adeles (resp. finite adeles) of a number field k by Ak
(resp. Ak,f); the ideles (resp. finite ideles) of k are denoted by A
×
k (resp. A
×
k,f). If
k = Q, we usually drop the index Q from notation. The idele class group is denoted
by Ck = A
×
k /k
×.
Throughout, we let Q be the algebraic closure of Q inside C and denote complex
conjugation by c. For simplicity of notation, we assume that all number fields are
embedded into Q. For a number field k, we let Γk := Gal(Q/k) be the absolute
Galois group of k.
We write artk : Ck → Γ
ab
k for the Artin map of k, a topological group homomor-
phism characterised by sending uniformisers to geometric Frobenius elements; the
Artin map is surjective with kernel equal to the identity component C0k of Ck and
thus induces an isomorphism artk : π0(Ck)
∼
−−→ Γabk . The Artin map also induces a
surjective homomorphism rk : A
×
k,f/k
×
>0 ։ Γ
ab
k , where k
×
>0 denotes the totally posi-
tive elements of k.
2.2. Variants of the Hilbert modular variety. Throughout this article, fix a
totally real field F ⊂ Q. Let Σ := ΣF := Hom(F,Q) be the set of embeddings of F
into Q. Let G1 be the algebraic group RF/QGL2 (Weil restriction of scalars) defined
over Q, and let X1 be the G1(R)-conjugacy class of the morphism h : S → (G1)R
that is given, on R-points, by
h(i) =
((
0 −1
1 0
))
x∈ΣF
∈ GL2(R)
Σ.
Here S denotes the Deligne torus RC/RGm; also note that G1(R) = GL2(R)
Σ. By
letting GL2(R)
Σ act on (C \ R)Σ by componentwise Möbius transformations, we
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identify X1 with (C\R)
Σ by mapping h to (i, . . . , i). The pair (G1, X1) is a Shimura
datum, i. e. it satisfies the axioms [Del79, (2.1.1.1-3)]. The associated Shimura
variety
Sh(G1, X1) := lim←−
U
G1(Q)\ [X1 ×G1(Af)/U ] = G1(Q)\
[
X1 ×G1(Af)/Z1(Q)
]
is called the Hilbert modular variety associated to F . Here U runs over all compact
open subgroups of G1(Af), Z1 denotes the centre of G1, and the second identity is
[Orr18, (1)], see also [Del79, Prop. 2.1.10].
We study variants of the Hilbert modular variety by varying the centre of G1. To
that end, fix an algebraic torus R over Q with
Gm →֒ R →֒ RF/QGm
such that the composite morphism Gm →֒ RF/QGm is given by the inclusion Q
× →֒
F× on Q-points. We define the algebraic groups G0 and G by the two Cartesian
squares
(2.1)
G0 G G1
Gm R RF/QGm,
d
compare (1.1) and (1.2). On Q-points, the morphism d is the determinant map
GL2(F )→ F
×. More conceptually, it fits into the short exact sequence
(2.2) 1 Gder1 G1 RF/QGm 1,
d
where Gder1 denotes the derived group of G1. It is equal to RF/Q SL2.
Lemma 2.1. G and G1 have the same derived group. Consequently, they also have
the same adjoint group, the centre Z of G is equal to G ∩ Z1, and G/G
der = R.
We therefore say that G differs only in the centre from G1.
Proof. By (2.2) we have ker(d) = Gder1 . By (2.1), the map d|G factors through R,
and R is commutative, hence ker(d) contains Gder. On the other hand, the Cartesian
diagram (2.1) also implies that G contains ker(d) = Gder1 , and hence G
der contains
(Gder1 )
der = Gder1 , where the last equality holds because G
der
1 is semisimple. We
conclude that Gder = Gder1 .
Moreover, the adjoint group of a reductive group is the same as the adjoint group
of its derived group, thus Gad = Gad1 . Then
Z = ker(G→ Gad) = ker(G →֒ G1 → G
ad
1 = G
ad) = G ∩ Z1.
Finally,
ker(d|G : G→ R) = ker(d) ∩G = G
der
1 ∩G = G
der.

The morphism h : S → (G1)R factors through (G0)R. Let X be the G(R)-
conjugacy class of h. We have X ⊂ X1, and we can describe X more concretely in
terms of upper and lower half planes. Let sgn: R× → {±1} be the sign function,
and define the subgroup
S :=
(
R(R) · (R×>0)
Σ
)
/(R×>0)
Σ ⊂ (R×)Σ/(R×>0)
Σ = {±1}Σ.
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Lemma 2.2. Under the identification X1 = (C \ R)
Σ, the G(R)-conjugacy class X
corresponds to
{(zx)x∈Σ ∈ (C \ R)
Σ | (sgn Im zx)x∈Σ ∈ S}.(2.3)
Proof. Let us temporarily denote the set in (2.3) by W . We need to show that the
G(R)-orbit of (i, . . . , i) ∈ (C \ R)Σ is equal to W . By definition of G in (2.1) and
the usual formula for the imaginary part under Möbius transformations in terms of
the determinant, we see that G(R) · (i, . . . , i) ⊂W .
Conversely, for any (zx)x ∈ W it is easy to find an element (z
′
x)x ∈ G(R) · (i, . . . , i)
with sgn Im zx = sgn Im z
′
x. Namely, by (2.3) there is an element g = (gx)x∈Σ of
G(R) ⊂ G1(R) = GL2(R)
Σ satisfying sgn det gx = sgn Im zx for all x ∈ Σ, thus we
may take (z′x)x∈Σ = g · (i, . . . , i). Moreover, GL2(R) acts transitively on C \ R, so
there exists g′ = (g′x)x ∈ GL2(R)
Σ with g′x ·z
′
x = zx for all x ∈ Σ. By looking at signs
of imaginary parts, we must have det g′x > 0 for all x ∈ Σ, hence we may rescale g
′
so that g′ ∈ SL2(R)
Σ ⊂ G(R). We conclude that (zx)x ∈ G(R) · (i, . . . , i). 
By Lemma 2.1 we have Gad = Gad1 . The axioms [Del79, (2.1.1.1-3)] of being
a Shimura datum really only depend on the adjoint group. We already saw that
(G1, X1) satisfies these axioms, so we conclude that (G,X) is a Shimura datum, too.
We call the associated Shimura variety Sh(G,X) a variant of the Hilbert modular
variety.
Example 2.3. (PEL Hilbert modular variety) In the case R = Gm, we have G = G0,
S = {±(1, . . . , 1)} and so X = X0 := h
Σ ⊔ (−h)Σ, where h ⊂ C denotes the upper
half plane. The Shimura datum (G0, X0) is of PEL type, see [Mil17, Def. 8.15],
[Del71, 4.9].
To be precise, it is associated to the type (C) PEL datum consisting of the simple
Q-algebra F , with trivial involution, acting on the Q-vector space V = F 2 equipped
with the alternating, Q-bilinear, F -compatible form ψ : V × V → Q given by
ψ
((
v1
v2
)
,
(
w1
w2
))
= TrF/Q ◦ det
(
v1 w1
v2 w2
)
.
We call the associated Shimura variety Sh(G0, X0) the PEL Hilbert modular va-
riety.
The Shimura datum (G,X) depends on the choice of the intermediate torusGm →֒
R →֒ RF/QGm. We think of the family of Shimura varieties Sh(G,X) as interpolating
between the Hilbert modular case (R = RF/QGm) and the PEL Hilbert modular
case (R = Gm). Our goal is to develop a plectic theory for all these variants of the
Hilbert modular variety in order to bridge the gap between the results of [Nek09] and
[NS16]. We start by relating the complex points of the Shimura variety Sh(G,X)
to isomorphism classes of abelian varieties equipped with extra structure.
First we look at quadruples (A, i, s, η). Here A denotes a complex abelian va-
riety of dimension [F : Q] equipped with real multiplication by F via the ring
homomorphism i : F →֒ End(A) ⊗Z Q. Moreover, s is a polarisation of A, which
we think of as a Riemann form s : H1(A,Q) × H1(A,Q) → Q. We require that s
is F -compatible, meaning that (f · s)(u, v) := s(i(f)u, v) is equal to s(u, i(f)v)
for all u, v ∈ H1(A,Q) and f ∈ F . Finally, the level structure η is an AF,f -
module-isomorphism η : V (Af)
∼
−−→ V̂ (A). Here (V, ψ) are as in Example 2.3 and
V̂ (A) = T̂ (A)⊗Z Q, where T̂ (A) is the full Tate module of A.
More precisely, we are interested in quadruples (A, i, R(Q)s, ηZ(Q)), i. e. not s
(resp. η) itself is part of the datum, but only the class of all R(Q)-multiples (resp.
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Z(Q)-translates) of s (resp. η). Additionally, we require that η sends the class
R(Af)ψ to R(Af)s and that there exists an F -linear isomorphism
a : H1(A,Q)
∼
−−→ V(2.4)
that sends R(Q)s to R(Q)ψ and satisfies a ◦ hA ◦ a
−1 ∈ X. Here hA : S →
End(H1(A,R)) denotes the Hodge structure on H1(A,Q).
We call two quadruples (A, i, R(Q)s, ηZ(Q)) and (A′, i′, R(Q)s′, η′Z(Q)) isomor-
phic if there exists a quasi-isogeny f : A→ A′ that is F -linear (with respect to i and
i′), sends R(Q)s to R(Q)s′ and satisfies η′Z(Q) = f ◦ ηZ(Q). We denote the set of
isomorphism classes of such quadruples by A(C).
Theorem 2.4. Let Gm →֒ R →֒ RF/QGm be an intermediate algebraic torus over
Q and (G,X) be the associated Shimura datum as above. Then there is a bijection
between the complex points of the Shimura variety Sh(G,X) and the set A(C).
Remark 2.5. In the case R = Gm, this is a special case of the description of the
complex points of a PEL Shimura variety in terms of abelian varieties, see [Del71,
4.11]. In the case R = RF/QGm, Theorem 2.4 is a special case of [Del71, 4.14].
Proof of Theorem 2.4. The strategy of [Mil17, §6] can be employed. Namely, one
checks that the following two maps are well-defined and inverse to each other. For
[h, g] ∈ Sh(G,X)(C), let Ah be the abelian variety with Hodge structure H1(Ah,Q)
equal to (V, h). Since V = F 2, we have an obvious ring homomorphism i0 : F →
End(V, h) = End(A)⊗ZQ. As polarisation we use the fixed pairing ψ : V ×V → Q.
Finally, we view g as the map g : V (Af) → V (Af) = V̂ (Ah), and map [h, g] to the
isomorphism class of the quadruple (Ah, i0, R(Q)ψ, gZ(Q)).
Conversely, if the isomorphism class of a quadruple (A, i, R(Q)s, ηZ(Q)) is given,
let a : H1(A,Q)
∼
−−→ V be an isomorphism as in (2.4). Define h := a ◦ hA ◦ a
−1 and
g := a ◦ η. We map (A, i, R(Q)s, ηZ(Q)) to the double coset of the pair (h, g). 
2.3. CM points. The reflex field of the Shimura datum (G,X) is Q. The canonical
model, also denoted Sh(G,X), of the Shimura variety Sh(G,X) is a variety over Q
that is a coarse moduli space for a functor A modelled on the set A(C) of Theorem
(2.4), see [DT04, Remarque 2.8.1)]. The case R = RF/QGm is explained in more
detail in [TX16, §2.3, in particular after Prop. 2.4]. See also [Hid04, §4.2.1], [Liu16,
§2.4.1] and [DS17, §2.5 and §2.7]. The case R = Gm even yields a fine moduli space
for such a functor, see [Del71, 4.15, 5.8] and [Kot92, §8].
In particular, for general R we have a description of Sh(G,X)(Q) as the set A(Q)
of isomorphism classes of quadruples (A, i, R(Q)s, ηZ(Q)) as above, but with A
defined over Q. The Galois group ΓQ acts on an element of A(Q) in the obvious
way by conjugating the abelian variety and its extra structure.
On the special points of Sh(G,X), we can describe this action in more concrete
terms.2 Here a point [h, g] of Sh(G,X)(C) is called special if the Mumford–Tate
group of h is a torus. By [Mil17, 14.11], this is the case if and only if the abelian
variety A of the associated quadruple [A, i, R(Q)s, ηZ(Q)] under the bijection in
Theorem 2.4 has complex multiplication. In particular, this implies that A is defined
over Q, hence the above quadruple defines a Q-point of Sh(G,X).
2The description of the conjugates of a special point P under Galois elements fixing the reflex
field of P is part of the definition of the canonical model. Here we study arbitrary Galois conjugates
of P .
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More precisely, A having CM means that i : F → End(A)⊗ZQ extends to a homo-
morphism K → End(A)⊗Z Q, where K is a totally imaginary quadratic extension
of F . The field K is a CM field and Gal(K/F ) = 〈c〉, where c denotes complex
conjugation (under any embedding of K into C). If A has CM by K, then the
pairing s in the quadruple [A, i, R(Q)s, ηZ(Q)] is automatically not only F -, but
also K-compatible, i. e. we have
s(i(k)u, v) = s(u, i(c(k))v), for all u, v ∈ H1(A,Q), k ∈ K.
This is because when A has CM by K, then H1(A,Q) is isomorphic to K which has
dimension 2 over F . The space W of all F -compatible Q-bilinear alternating forms
on H1(A,Q) is an F -vector space of dimension 1, and the set of all K-compatible
forms is a non-trivial F -subspace of W and hence equal to W .
Before proceeding, let us describe polarised CM abelian varieties (A, i, s) more
concretely as in [Mil07, Prop. 1.3]. Here A denotes a complex abelian variety
equipped with CM by i : K → End(A) ⊗Z Q and a K-compatible polarisation
s. Diagonalising the action of K on the tangent space of A at the origin yields
an isomorphism of this tangent space with CΦ, where Φ is a CM type of K, i. e.
Hom(K,C) = Φ ⊔ Φ. In other words, Φ contains precisely one embedding of every
complex conjugate pair of embeddings of K into C. Here CΦ :=
⊕
ϕ∈ΦCϕ, where
Cϕ is a one-dimensional C-vector space on which K acts via ϕ : K →֒ C.
We can thus find an isomorphism ξ : CΦ/Λ
∼
−−→ A(C) of complex Lie groups, for
some lattice Λ ⊂ CΦ. Since K acts on A via i, it is easy to see that Λ must be of the
form Φ(a) for some lattice a in K, where Φ: K → CΦ maps k to (ϕ(k))ϕ∈Φ. Finally,
H1(C
Φ/Φ(a),Q) is canonically equal to K, so pulling back the polarisation s via ξ
gives a pairing K ×K → Q. The K-compatibility of s implies, see [Shi71, (5.5.13)],
that there exists a unique totally imaginary element t ∈ K× satisfying Imϕ(t) > 0
for all ϕ ∈ Φ such that the pairing is equal to
Et(u, v) := TrK/Q(tuc(v)), u, v ∈ K.
We call (K,Φ; a, t) the type of (A, i, s). It is determined up to changing (a, t)
to (λa, t
λc(λ)
) with λ ∈ K×. Thus an arbitrary CM point [A, i, R(Q)s, ηZ(Q)] of
Sh(G,X) can be written, via the isomorphism ξ above, as
[CΦ/Φ(a), iΦ, R(Q)Et, η
′Z(Q)](2.5)
with (K,Φ; a, t) as above, the endomorphism iΦ(k), for k ∈ K, given as the reduction
modulo Φ(a) of multiplication by Φ(k) on CΦ, and η′ = ξ−1 ◦ η.
The key to describe the Galois conjugate of a CM point is Tate’s half transfer,
see e. g. [Mil07, §4]. For a CM field K ⊂ Q and a CM type Φ of K, this is the
map FΦ : ΓQ → Γ
ab
K defined as follows: Fix coset representatives wρ for the right
ΓK-cosets in ΓQ satisfying wcρ = cwρ. For γ ∈ ΓQ, define
FΦ(γ) :=
∏
ϕ∈Φ
(
w−1γϕγwϕ
)∣∣
Kab
.(2.6)
This definition is independent of the choice of coset representatives. There is a
natural lift of FΦ under the Artin map called the Taniyama element fΦ : ΓQ →
A×K,f/K
×, constructed as follows. Look at the commutative diagram with exact
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rows
(2.7)
0 ker(rK) A
×
K,f/K
× ΓabK 0
0 ker(rK) A
×
K,f/K
× ΓabK 0.
1+c
rK
1+c 1+c
rK
By [Tat16, Lemma 1], ker(rK) is uniquely divisible and complex conjugation c acts
trivially on it, so the left vertical arrow is an isomorphism. By an easy diagram
chase, this means that the right hand square is Cartesian.
Using the properties of the half transfer, one sees that 1+cFΦ(γ) = VK/Q(γ) =
rK(χcyc(γ)). Since the right hand square in (2.7) is Cartesian, there exists a unique
fΦ(γ) ∈ A
×
K,f/K
× such that rK(fΦ(γ)) = FΦ(γ) and
1+cfΦ(γ) = χcyc(γ)K
×.
The Main Theorem of Complex Multiplication [Mil07, Thm 4.1] now directly
implies the following description of the Galois conjugate of a CM point of Sh(G,X)
in terms of the Taniyama element.
Theorem 2.6. As in (2.5), let P = [CΦ/Φ(a), iΦ, R(Q)Et, ηZ(Q)] be a CM point
of Sh(G,X). Let γ ∈ ΓQ and take f ∈ A
×
K,f such that fΦ(γ) = fK
×. Then the
γ-conjugate of P is equal to
[CγΦ/γΦ(fa), iγΦ, R(Q)Eχt, f ◦ ηZ(Q)],
where χ = χcyc(γ)
f ·f
∈ F×.
Remark 2.7. For a lattice a in K and an idele f ∈ A×K,f , the lattice fa ⊂ K is
defined in [Lan83, Ch. 3.6, p. 77–78]. For example, if a =
∏
p p
ap is a fractional ideal
of K, then fa is given by the fractional ideal
∏
p p
ap+vp(fp).
3. Plectic Galois group and action on CM points
3.1. Plectic Galois group and half transfer.
Definition 3.1. The plectic Galois group is the group
Γpl := ΓQ#ΓF := AutSet -ΓF (ΓQ)
of right-ΓF -equivariant bijections of ΓQ, i. e. of all bijections α : ΓQ
∼
−−→ ΓQ such that
α(γδ) = α(γ)δ for all γ ∈ ΓQ, δ ∈ ΓF .
The absolute Galois group ΓQ of Q embeds into Γ
pl by mapping γ ∈ ΓQ to the map
[γ′ 7→ γγ′] ∈ Γpl given by left translation by γ.
There are several equivalent definitions of the plectic group. Definition 3.1 is the
one in [NS16, §3]. In the next two remarks we encounter two more versions of the
plectic group. For this we fix coset representatives sx for the right ΓF -cosets in ΓQ,
where x ∈ ΓQ/ΓF = Σ.
Remark 3.2. Let SΣ denote the symmetric group on the finite set Σ. Let Γ
Σ
F denote
the group of Σ-tuples h = (hx)x∈Σ of elements of ΓF , with the group structure given
by pointwise composition. The group SΣ acts on Γ
Σ
F by permuting the coordinates,
and we can form the semi-direct product
SΣ ⋉ Γ
Σ
F .
Explicitly, the group operation is given by
(π, h)(π′, h′) :=
(
ππ′, (hpi′(x)h
′
x)x∈Σ
)
.
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The chosen coset representatives sx give a decomposition ΓQ =
⊔
x∈Σ sxΓF . By
definition, α ∈ ΓQ#ΓF respects this decomposition, so for every x ∈ Σ there exists
π(x) ∈ Σ such that α(sxΓF ) = spi(x)ΓF . Moreover, the element hx = s
−1
pi(x)α(sx) lies
in ΓF , and in this way we get an isomorphism
ρs : ΓQ#ΓF
∼
−−→ SΣ ⋉ Γ
Σ
F , α 7−→ (π, h).
The isomorphism ρs depends on the choice of coset representatives s = (sx)x∈Σ.
However, the permutation π of Σ induced by α is independent of the choice of s and
will usually be denoted by x 7→ α(x).
Remark 3.3. In [Nek09], the plectic group is defined to be the group
AutF (F ⊗Q Q)
of F -algebra automorphisms of F ⊗Q Q. By [Nek09, (1.1.4)(iii)] or [Bla16, start of
§2], the choice of coset representatives s = (sx)x∈Σ induces an isomorphism
βs : AutF (F ⊗Q Q)
∼
−−→ SΣ ⋉ Γ
Σ
F .
The isomorphism βs depends on the choice of s. However, by [Bla16, Thm 2.5], the
composition ρ−1s ◦ βs is independent of the choice of s and hence gives a canonical
isomorphism AutF (F ⊗Q Q)
∼
−−→ ΓQ#ΓF .
For more details on the plectic group, e. g. functoriality properties or details on
the dependencies on s, we refer to [Nek09, Bla16]. For example, we will need the
following lemma.
Lemma 3.4. Let (1, prod) denote the map
(1, prod) : SΣ ⋉ Γ
Σ
F −→ Γ
ab
F , (π, h) 7−→
∏
x∈Σ
hx|F ab .
Then the composition
P := (1, prod) ◦ ρs : ΓQ#ΓF −→ Γ
ab
F
is independent of the choice of s. Moreover, restricted to the subgroup ΓQ it is equal
to the transfer map VF/Q : ΓQ → Γ
ab
F .
Proof. Let s′ : Σ → ΓQ be another section, so s
′
x = sxtx for some t = (tx)x∈Σ ∈ Γ
Σ
F .
By [Bla16, p. 7], we have ρs′(α) = (1, t)
−1ρs(α)(1, t) for all α ∈ ΓQ#ΓF , thus
(1, prod)(ρs′(α)) = (1, prod)(ρs(α)).
Moreover, if α is given by left translation by γ ∈ ΓQ, then ρs(α) is equal to
(π, (s−1γxγsx)x∈Σ) and hence P (α) = VF/Q(γ) by the definition of the transfer map
VF/Q. 
We are aiming for an action of (a subgroup of) Γpl on the set of CM points of
Sh(G,X), extending the action of ΓQ. In view of Theorem 2.6, for this to work
we need an action of Γpl on CM types and a plectic Taniyama element fΦ : Γ
pl →
A×K,f/K
×. The former is easy to construct; the latter will be an appropriate lift of
a plectic half transfer FΦ : Γ
pl → ΓabK .
Remark 3.5 (Plectic action on CM types). Let K ⊂ Q be a totally imaginary
quadratic extension of F . Then ΓK is a subgroup of ΓF , so any α ∈ ΓQ#ΓF induces
a permutation of ΣK := Hom(K,Q) = ΓQ/ΓK , which we also denote by α. In this
way, given a CM type Φ ⊂ ΣK of K, we define αΦ := {α(ϕ) | ϕ ∈ Φ}.
More explicitly, let s = (sx)x∈Σ be as above, and let ϕx := sx|K ∈ ΣK . Then
ΣK = {c
bϕx | x ∈ Σ, b ∈ Z/2Z}. Let α ∈ ΓQ#ΓF and let ρs(α) = (π, h) ∈ SΣ ⋉ Γ
Σ
F .
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For h ∈ ΓF , define h ∈ Z/2Z by h|K = c
h ∈ Gal(K/F ) = 〈c〉. One checks that the
action of α on ΣK is given by
α(cbϕx) = c
b+hxϕpi(x), x ∈ Σ, b ∈ Z/2Z.(3.1)
Example 3.6. Let K be a cyclic CM field of degree 6 and write G = Gal(K/Q) =
〈g〉. We embed K into Q via id = g0 and identify ΣK with G. Note c = g
3 and
F = K〈c〉. It is not hard to see that the set of CM types decomposes into precisely
two G-orbits, namely into the G-orbits of Ψ = {g0, g1, g2} and Φ = {g0, g4, g2},
which have orders 6 and 2 respectively.
We identify Σ = G/〈c〉 with {0, 1, 2} by gi〈c〉 7→ i and also SΣ with S{0,1,2} = S3.
Moreover, we choose the section s : Σ→ G given by si := g
i. The action of SΣ⋉Γ
Σ
F
on ΣK factors through SΣ ⋉ Gal(K/F )
Σ = S3 ⋉ 〈c〉
3, and by (3.1) we directly
calculate that (
(0 1), (c1, c0, c0)
)
Ψ = Φ.
In particular the plectic group acts transitively on the set of CM types of K. In
fact, this holds for any CM field K.
Now let K be a CM field whose maximal totally real subfield is equal to F , and
let Φ be a CM type of K. By [Bla16, p. 8], the definition of Tate’s half transfer
FΦ : ΓQ → Γ
ab
K in (2.6) extends to a plectic half transfer FΦ : Γ
pl → ΓabK as follows.
Again fix coset representatives wρ for ρ ∈ ΣK = ΓQ/ΓK satisfying wcρ = cwρ. Let
α ∈ Γpl = ΓQ#ΓF . In Remark 3.5 we saw that α induces a permutation of ΣK , so
for ρ ∈ ΣK the element w
−1
α(ρ)α(wρ) lies in ΓK and we define
FΦ(α) :=
∏
ϕ∈Φ
(
w−1αϕα(wϕ)
)∣∣
Kab
.(3.2)
By [Bla16, Prop. 3.2], this is independent of the choice of wρ. Also, if α is given by
left translation by γ ∈ ΓQ, we recover (2.6).
Remark 3.7. The plectic half transfer was originally defined in [Nek09, (2.1.3)] (resp.
[Nek09, (2.1.7)]) as a map with domain SΣ ⋉ Γ
Σ
F (resp. AutF (F ⊗Q Q)). Under the
isomorphisms of Remarks 3.2 and 3.3, these definitions agree with the definition
given here by [Bla16, Thm 3.4].
Remark 3.8. For each x ∈ Σ, we define the complex conjugation corresponding to x
to be the element cx ∈ Γ
ab
F defined as follows: If s : Σ → ΓQ is a section as before,
then s−1x csx is an element of ΓF and its image cx in Γ
ab
F is independent of s.
Define the subgroup c := 〈cx : x ∈ Σ〉 ⊂ Γ
ab
F . By [Nek09, (1.3.1)], the Artin map
rF : A
×
F,f/F
×
>0 → Γ
ab
F induces a bijection
rF : F
×/F×>0
∼
−−→ c, αF×>0 7−→
∏
x∈Σ
cαxx ,(3.3)
where the αx ∈ Z/2Z are determined by (−1)
αx = sgn(x(α)) for each x ∈ Σ. Note
that the group F×/F×>0 is isomorphic to {±1}
Σ via αF×>0 7→ (sgn(x(α)))x∈Σ.
We state the analogues of properties [Nek09, (2.1.4)(i) and (ii)], which will be
very useful.
Lemma 3.9. 1. For α, α′ ∈ Γpl we have FΦ(αα
′) = Fα′Φ(α)FΦ(α
′).
2. For α ∈ Γpl we have
FΦ(α)|F ab = P (α)
∏
x∈Σ
cmxx ,
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with mx ∈ Z/2Z equal to 0 if and only if the unique elements of Φ and αΦ
lying above x are the same.
Proof. 3.9. follows from [Nek09, (2.1.4)(i)] and 3.9. follows from [Nek09, (2.1.4)(ii)].
Let us nonetheless give a proof of 3.9.
Let ϕx ∈ Φ denote the unique element of Φ such that ϕx|F = x, and let s
′
x := wϕx .
Then {s′x}x∈Σ forms a complete set of coset representatives for ΓF ⊂ ΓQ. For x ∈ Σ,
note that wα(ϕx) = s
′
α(x) if α(ϕx) ∈ Φ, and wα(ϕx) = cs
′
α(x) if α(ϕx) 6∈ Φ. In other
words, wα(ϕx) = c
mα(x)s′α(x). Thus
FΦ(α)|F ab =
∏
x∈Σ
(
(s′α(x))
−1cmα(x)s′α(x)(s
′
α(x))
−1α(s′x)
)∣∣
F ab
=
(∏
x∈Σ
cmxx
)
P (α).

3.2. Plectic Taniyama element and action on CM points. Let (K,Φ) be as
before. We want to define a plectic Taniyama element fΦ : Γ
pl → A×K,f/K
× such
that the following two properties hold: On the one hand, for α ∈ Γpl we want
rK(fΦ(α)) = FΦ(α), and on the other hand, if α ∈ Γ
pl is given by left translation
by γ ∈ ΓQ we want fΦ(α) to agree with the usual Taniyama element fΦ(γ) defined
using the Cartesian diagram (2.7). We start by looking at the commutative diagram
with exact rows
(3.4)
0 ker(rK) A
×
K,f/K
× ΓabK 0
0 ker(rF ) A
×
F,f/F
×
>0 Γ
ab
F 0
0 ker(rK) A
×
K,f/K
× ΓabK 0.
NK/F
rK
NK/F res
iK/F
rF
iK/F VK/F
rK
Here NK/F denotes the norm map, iK/F is induced from the inclusion F ⊂ K,
res(γ) = γ|F ab is the restriction and VK/F the transfer map. The vertical composites
are equal to 1+c, so that forgetting the middle row yields diagram (2.7). By [Nek09,
(1.2.2)], we have ker(rK) ∼= O
×
K ⊗Z (AQ,f/Q) and ker(rF )
∼= O×F,>0 ⊗Z (AQ,f/Q). By
Dirichlet’s Unit Theorem [Neu92, Thm I.7.4] the groups O×K and O
×
F,>0 have the
same Z-rank. Hence the maps NK/F : O
×
K → O
×
F,>0 and iK/F : O
×
F,>0 → O
×
K have
finite kernel and cokernel, and since AQ,f/Q is a Q-vector space, we conclude that
both left vertical arrows NK/F : ker(rK) → ker(rF ) and iK/F : ker(rF ) → ker(rK)
are in fact isomorphisms. By the same diagram chase as in (2.7) this means that
both right hand squares in (3.4) are Cartesian.
Let us focus on the short exact sequence in the middle, i. e.
0 ker(rF ) A
×
F,f/F
×
>0 Γ
ab
F 0.
κF rF
As mentioned before, the kernel ker(rF ) is uniquely divisible, hence in particular an
injective object in the category of abelian groups. This implies the existence of a
map ωF : A
×
F,f/F
×
>0 → ker(rF ) such that ωF ◦ κF = id. This means that the short
exact sequence splits, and by the Splitting Lemma [Hat02, p. 147] this is equivalent
to the existence of a homomorphism χF : Γ
ab
F → A
×
F,f/F
×
>0, called a splitting of rF ,
satisfying rF ◦ χF = id.
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Lemma 3.10. 1. Restricted to the subgroup c ⊂ ΓabF , any splitting χF is an
inverse to the isomorphism in (3.3).
2. We can choose the splitting χF so that the following diagram commutes
Zˆ× ΓabQ
A×F,f/F
×
>0 Γ
ab
F .
iF/Q
χcyc
∼
VF/Q
χF
Proof. For 3.10. let ωF be the map ωF : A
×
F,f/F
×
>0 → ker(rF ) associated to χF such
that ωF ◦ κF = id. Since ωF restricted to F
×/F×>0 is a group homomorphism with
domain a finite group and target a uniquely divisible group, this restriction must be
trivial. This easily translates into the desired property of χF .
For 3.10. look at the commutative diagram
(3.5)
Zˆ× ΓabQ
0 ker(rF ) A
×
F,f/F
×
>0 Γ
ab
F 0.
∼
rQ
iF/Q VF/Q
κF rF
It shows that im(iF/Q) ∩ ker(rF ) = 0, hence the map ker(rF )
κF−→ A×F,f/F
×
>0 −→
A×F,f/iF/Q(Zˆ
×)F×>0 is injective. Thus we may choose ωF : A
×
F,f/F
×
>0 → ker(rF ) to
factor through A×F,f/iF/Q(Zˆ
×)F×>0, and this again easily translates into the desired
property of χF . 
From now on, fix a splitting χF satisfying the additional property 3.10. in Lemma
3.10.
Definition 3.11. Let α ∈ Γpl. By the top right Cartesian square in (3.4), there
exists a unique element fΦ(α) ∈ A
×
K,f/K
× such that rK(fΦ(α)) = FΦ(α) and
NK/F (fΦ(α)) = χF (FΦ(α)|F ab). We call the map
fΦ : Γ
pl → A×K,f/K
×
the plectic Taniyama element.
Remark 3.12. The definition of fΦ depends on the choice of splitting χF .
Lemma 3.13. Let γ ∈ ΓQ and let α ∈ ΓQ#ΓF be given by left translation by γ.
Then
fΦ(γ) = fΦ(α).
Proof. By definition (3.2), we have FΦ(γ) = FΦ(α). We also have rK(fΦ(γ)) =
rK(fΦ(α)) = FΦ(γ). Moreover, fΦ(γ) is uniquely determined by the condition
1+cfΦ(γ) = χcyc(γ)K
×, so it is enough to show that 1+cfΦ(α) = χcyc(γ)K
×.
Using 1 + c = iK/F ◦ NK/F followed by the defining property of fΦ(α), then
using part 3.9. of Lemma 3.9 together with the final part of Lemma 3.4, and finally
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applying Lemma 3.10 yields
1+cfΦ(α) = iK/FNK/F (fΦ(α))
= iK/F (χF (FΦ(α)|F ab))
= iK/F
(
χF
((∏
x∈Σ
cmxx
)
VF/Q(γ)
))
= iK/F
(
(mF×>0)(VF/Q(γ)F
×
>0)
)
= χcyc(γ)K
×,
where m ∈ F× satisfies sgn(x(m)) = (−1)mx . This finishes the proof. 
Remark 3.14. In [Nek09, (2.2.2)] the plectic Taniyama element f˜Φ(g) is defined for
elements g of a certain subgroup AutF (F ⊗Q Q)1 of AutF (F ⊗Q Q). It is precisely
the splitting χF that allows us to define a plectic Taniyama element fΦ on the entire
plectic group Γpl. Using [Nek09, (2.2.3)(vi)], the same calculation as in the proof of
Lemma 3.13 shows that fΦ extends f˜Φ.
Let R be a Q-algebraic torus with associated Shimura datum (G,X) as in Section
2.2. Write R(Q)>0 := R(Q) ∩ F
×
>0 and R(R)>0 := R(R) ∩ (F ⊗Q R)
×
>0, where
(F ⊗Q R)
×
>0 is the preimage of R
Σ
>0 under the isomorphism (F ⊗Q R)
∼= RΣ.
Definition 3.15. We define the subgroup Γpl,RCM of Γ
pl by the Cartesian diagram
Γpl,RCM Γ
pl
R(Af)/R(Q)>0 A
×
F,f/F
×
>0.
χF ◦P
We will also write (ΓQ#ΓF )
R
CM for Γ
pl,R
CM , and denote the subgroup of SΣ⋉Γ
Σ
F (resp.
AutF (F ⊗Q Q)) isomorphic to (ΓQ#ΓF )
R
CM under the isomorphism of Remark 3.2
(resp. Remark 3.3) by (SΣ ⋉ Γ
Σ
F )
R
CM (resp. AutF (F ⊗Q Q)
R
CM). By Lemma 3.4 this
is independent of the choice of s (on which these isomorphisms depend).
Example 3.16. For R = RF/QGm we clearly have Γ
pl,R
CM = Γ
pl. For R = Gm, using
part 3.10. of Lemma 3.10 one sees that the group AutF (F ⊗Q Q)
Gm
CM is equal to the
group AutF (F ⊗Q Q)0 of [Nek09, §2.2], i. e. Γ
pl,Gm
CM fits into the Cartesian diagram
(3.6)
Γpl,GmCM Γ
pl
ΓabQ Γ
ab
F .
P
VF/Q
In particular, for R = RF/QGm and R = Gm the group Γ
pl,R
CM does not depend on the
choice of χF . We do not know if this is the case for arbitrary R.
Remark 3.17. For arbitrary R, the canonical embedding of ΓQ into Γ
pl factors
through Γpl,RCM because if α ∈ Γ
pl is given by left translation by γ ∈ ΓQ, then
χF ◦ P (α) = χcyc(γ)F
×
>0 by the final part of Lemma 3.4 and part 3.10. of Lemma
3.10, and χcyc(γ) lies in A
×
f ⊂ R(Af).
Theorem 3.18. Let (K,Φ; a, t) be a type and let [CΦ/Φ(a), iΦ|F , R(Q)Et, ηZ(Q)]
be a CM point of Sh(G,X) as in (2.5). Let α ∈ Γpl,RCM and f ∈ A
×
K,f such that
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fΦ(α) = fK
× ∈ A×K,f/K
×. Let u ∈ R(Af ) be such that χF ◦ P (α) = uF
×
>0. Finally
let χ := u
NK/F f
, which lies in F×, see (3.8) below. Define
α
[
CΦ/Φ(a), iΦ|F , R(Q)Et, ηZ(Q)
]
:=
[
CαΦ/αΦ(fa), iαΦ|F , R(Q)Eχt, f ◦ ηZ(Q)
]
.
(3.7)
This defines a group action of Γpl,RCM on the set of CM points of Sh(G,X), extending
the action of ΓQ.
Proof. We abbreviate [CΦ/Φ(a), iΦ|F , R(Q)Et, ηZ(Q)] by P. It is easy to check
that (3.7) does not depend on the choices of f , u, or the chosen representative
(CΦ/Φ(a), iΦ|F , R(Q)Et, ηZ(Q)) of the isomorphism class P. We now show that the
right hand side of (3.7) does indeed define a CM point of Sh(G,X).
For this we need to check two things. First of all, we want that f ◦η sends R(Af)ψ
to R(Af)Eχt. For v, w ∈ V (Af), we have
Eχt (f ◦ η(v), f ◦ η(w)) = TrK/Q
(
utη(v)η(w)
)
= Et (η(uv), η(w))
= ψ (urv, w) , for some r ∈ R(Af ).
By definition of the group Γpl,RCM we have u ∈ R(Af), so ur ∈ R(Af ) as desired.
Secondly, we want that Im ρ(χt) > 0 for all ρ ∈ αΦ. We use the definition of f
and fΦ(α) followed by part 3.9. of Lemma 3.9 and finally the choice of u together
with part 3.10. of Lemma 3.10 to calculate
(NK/Ff)F
×
>0 = χF (FΦ(α)|F ab) = χF
(
P (α)
∏
x∈Σ
cmxx
)
= (uF×>0)(mF
×
>0),
where the mx are defined in Lemma 3.9 and m ∈ F
× satisfies sgn(x(m)) = (−1)mx .
We conclude that
χ ∈ m−1F×>0,(3.8)
and since Imϕ(t) > 0 for all ϕ ∈ Φ we precisely get Im ρ(χt) > 0 for all ρ ∈ αΦ.
Thus αP is well-defined. That it defines a group action follows easily from the
cocycle relation in part 3.9. of Lemma 3.9. Finally, the action extends the action of
ΓQ by Theorem 2.6 and Lemma 3.13 combined with part 3.10. of Lemma 3.10. 
Remark 3.19. For R = Gm, Theorem 3.18 is proved (in slightly different terms) in
[Nek09, (2.2.5)]. For R = RF/QGm, Theorem 3.18 is stated without proof in [NS16,
Prop. 6.8].
4. Plectic action on connected components
Let R, G, and X be as in Section 2.2. We apply general results from the theory
of Shimura varieties to describe the set of connected components of the Shimura
variety Sh(G,X).
Lemma 4.1. Let U be a sufficiently small compact open subgroup of G(Af ). Then
1. The set of connected components of ShU(G,X) = G(Q)\[X × G(Af )/U ] is
equal to
π0(ShU(G,X)) = R(Q)\ [S×R(Af )/d(U)] =: Shd(U)(R,S),
where d : G→ R is the determinant map, see (2.1).
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2. For [(zx)x∈Σ, g] ∈ ShU(G,X), we have
π0([(zx)x∈Σ, g]) = [(sgn Im zx)x∈Σ, d(g)] ∈ Shd(U)(R,S).
Proof. Part 4.1. follows from [Mil17, Thm 5.17] combined with [Mil17, p. 63]. These
results apply because Gder = RF/Q SL2 is simply connected, and yield 4.1. because
G → G/Gder is given by d : G → R, see Lemma 2.1, and the set Y in [Mil17] is
precisely equal to S.
Similarly, part 4.1. follows from [Mil17, p. 59] if one uses the connected component
X+ := hΣ of X. 
Remark 4.2. The pair (R,S) is not a Shimura datum in the usual sense. However,
the double quotient Shd(U)(R,S) is a zero-dimensional Shimura variety in the sense
of [Mil17, p. 62–63].
Remark 4.3. Taking the projective limit over all U in Lemma 4.1 yields a map
π0 : Sh(G,X)→ Sh(R,S), which can be described by the same formula.
Definition 4.4. We let ΓQ act on Sh(R,S) as follows. Let γ ∈ ΓQ and let q ∈ A
×
Q
be such that artQ(q) = γ. Moreover, let us denote the embedding Gm ⊂ R by i.
Then we define
γ[y, g] := [i(q)∞y, i(q)fg], [y, g] ∈ Sh(R,S),
where i(q) = (i(q)∞, i(q)f) ∈ R(R)× R(Af) = R(A).
Lemma 4.5. The map
π0 : Sh(G,X)→ Sh(R,S)
is ΓQ-equivariant.
Proof. This is [Mil17, (64)] because for the Shimura datum (G,X) the reciprocity
morphism defined in [Mil17, (60)] is easily seen to be equal to i : Gm → R. 
For technical reasons, we use the following slightly different description of the
connected components of Sh(G,X). To that extent, let us equip R(A) ⊂ A×F with
the subspace topology, and let CR := R(A)/R(Q). For example, for R = RF/QGm
the group CR is equal to the idele class group CF of F .
Lemma 4.6. We have
π0(Sh(G,X)) = π0(CR).
Proof. By part 4.1. of Lemma 4.1, we have π0(Sh(G,X)) = lim←−U
ShU(R,S), where
U runs over the compact open subgroups of R(Af). By definition, ShU(R,S) =
π0(CR/U
′) for U ′ := (R(Q).[1 × U ])/R(Q), where 1 denotes the trivial subgroup in
R(R). As taking π0 commutes with taking the projective limit over U , we are left
to show that the canonical map
p : CR −→ lim←−
U
CR/U
′
is an isomorphism. The map p is injective because R(Q) is discrete in R(A) and
the intersection over all U is trivial. It is surjective because the topological group
CR is complete (because it is a subgroup of CF , which is complete), and R(Q) is a
discrete subgroup of R(R). 
From now on, let us denote the fixed embedding Gm ⊂ R (resp. R ⊂ RF/QGm)
by i (resp. j).
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Lemma 4.7. If we let γ ∈ ΓQ act on π0(CR) as multiplication by i
(
art−1Q (γ|Qab)
)
,
then the bijection of Lemma 4.6 is ΓQ-equivariant.
Proof. This follows directly from the explicit description of the bijection in Lemma
4.6 and the Galois action on π0(Sh(G,X)) in Definition 4.4. 
Lemma 4.7 motivates the following definition.
Definition 4.8. We define the group Γpl,Rpi0 by the Cartesian diagram
(4.1)
Γpl,Rpi0 Γ
pl
π0(CR) Γ
ab
F .
Ppi0 P
artF ◦j
Moreover, we let α ∈ Γpl,Rpi0 act on π0(CR) as multiplication by Ppi0(α).
Remark 4.9. If j : π0(CR) → π0(CF ) is injective, then so is the bottom and hence
also the top horizontal arrow in (4.1). Thus in this case the group Γpl,Rpi0 canonically
embeds into Γpl. However, the injectivity of j may depend on the choice of R, so
the group Γpl,Rpi0 is not a subgroup of Γ
pl in general.
Example 4.10. For R = RF/QGm, the map j is equal to the identity and artF is an
isomorphism, thus Γpl,Rpi0 = Γ
pl. ForR = Gm, the bottom left entries of diagrams (3.6)
and (4.1) are isomorphic via artQ, and the map j : π0(CQ)→ π0(CF ) corresponds to
the transfer map VF/Q : Γ
ab
Q → Γ
ab
F under class field theory. Thus the groups Γ
pl,Gm
pi0
and Γpl,GmCM are canonically isomorphic.
Lemma 4.11. The group Γpl,RCM canonically embeds into Γ
pl,R
pi0 . In particular, ΓQ
canonically embeds into Γpl,Rpi0 , and restricted to ΓQ the actions in Definition 4.8 and
in Lemma 4.7 agree.
Proof. Look at the diagram
(4.2)
Γpl,RCM Γ
pl
R(Af)/R(Q)>0 A
×
F,f/F
×
>0
π0(CR) π0(CF ) Γ
ab
F .
χF ◦P P
rF
j artF
∼
The top square is the Cartesian square in Definition 3.15, the top right hand triangle
commutes because rF ◦ χF = id, and the bottom right hand triangle commutes by
the relationship between artF and rF . Moreover, the bottom vertical arrows are
induced from the inclusions R(Af) ⊂ R(A) and A
×
F,f ⊂ A
×
F , respectively, thus the
bottom square commutes by functoriality of taking quotients and applying π0.
Looking only at the outer edges of (4.2), we conclude that the embedding Γpl,RCM ⊂
Γpl factors through Γpl,Rpi0 by the Cartesian diagram (4.1) and we get the commutative
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diagram
(4.3)
Γpl,RCM
Γpl,Rpi0 Γ
pl
π0(CR) Γ
ab
F ,
λ
Ppi0 P
where λ denotes the composition of the two left hand vertical arrows of (4.2). Finally,
for γ ∈ ΓQ and α ∈ Γ
pl,R
CM given by left translation by γ, we have
Ppi0(α) = λ(α) = i
(
art−1Q (γ|Qab)
)
,
where the second equality follows from Remark 3.17. This proves the last assertion.

We are ready to prove our main result.
Theorem 4.12. Let Sh(G,X)CM denote the set of CM points of Sh(G,X). Then
the map
π0 : Sh(G,X)CM −→ Sh(R,S)
is Γpl,RCM -equivariant.
Proof. Let
P =
[
CΦ/Φ(a), iΦ, R(Q)Et, ηZ(Q)
]
be a CM point of Sh(G,X), with K a totally imaginary quadratic extension of F
and (K,Φ; a, t) as in (2.5). Write the CM type Φ as Φ = {ϕx | x ∈ ΣF}, where
ϕx|F = x for all x ∈ ΣF . We assume that Imϕx(t) > 0 for all x ∈ ΣF . The proof
proceeds in three steps.
(a) Calculation of π0(P).
We start by calculating the point [h, g] ∈ Sh(G,X) corresponding to P. Note that
H1(C
Φ/Φ(a),Q) = K and the Hodge structure hΦ : S → GL(H1(C
Φ/Φ(a),R)) of
the abelian variety CΦ/Φ(a) is given on real points by
hΦ : C
× −→ AutK⊗QR(H1(C
Φ/Φ(a),R)) = (K ⊗Q R)
× ⊂ GLR(C
Φ)
i 7−→

0 −1
1 0
. . .
0 −1
1 0

with respect to the R-basis

1
0
...
0
 ,

i
0
...
0
 , . . . ,

0
...
0
1
 ,

0
...
0
i


of CΦ = K ⊗Q R. Let a : K
∼
−−→ F 2 = V be the isomorphism of F -vector spaces
given by 1 7→
(
1
0
)
and 1
t
7→
(
0
1
)
. Then a satisfies the condition in (2.4) for the
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quadruple P because Et(u, v) = −2ψ(a(u), a(v)) for all u, v ∈ K, and −2 ∈ Q
× ⊂
R(Q). A direct calculation shows that a ◦ hΦ ◦ a
−1 corresponds to (βxi)x∈Σ, where
βx := Imϕx
(
1
t
)
> 0, under the isomorphism of Lemma 2.2. By part 4.1. of Lemma
4.1 we therefore have
π0(P) = [(1)x∈Σ, d(a ◦ η)] ∈ Sh(R,S).(4.4)
(b) Calculation of π0(αP), for α ∈ Γ
pl,R
CM .
Let α ∈ Γpl,RCM and choose f ∈ A
×
K,f such that fΦ(α) = fK
×. Let u ∈ R(Af) be such
that χF ◦ P (α) = uF
×
>0, and let χ :=
u
NK/F f
∈ F×. By (3.7) we have
αP = [CαΦ/αΦ(fa), iαΦ|F , R(Q)Eχt, f ◦ ηZ(Q)].
Following the same calculation as in the previous step, but with Φ replaced by αΦ,
t replaced by χt, and a replaced by a′ with a′(1) =
(
1
0
)
and a′
(
1
χt
)
=
(
0
1
)
, leads
to
π0(αP) = [(1)x∈Σ, d(a
′ ◦ f ◦ η)] ∈ Sh(R,S).
Using a′ =
(
1
χ
)
◦ a we see that
d(a′ ◦ f ◦ η) = χNK/F (f) d(a ◦ η) = u d(a ◦ η),
so we conclude that
π0(αP) = [(1)x∈Σ, u d(a ◦ η)].(4.5)
(c) Calculation of α(π0(P)).
By Definition 4.8, the element α acts on π0(P) as multiplication by Ppi0(α) ∈ π0(CR).
By (4.3) we have Ppi0(α) = λ(α), which by definition of λ and u is equal to the image
of uR(Q)>0 inside π0(CR). Now the identification of Lemma 4.6 together with (4.4)
yields
α(π0(P)) = [(1)x∈Σ, u d(a ◦ η)],
which is equal to π0(αP) by (4.5). 
Remark 4.13. A priori, the group Γpl,RCM as well as its action on CM points depend
on the choice of splitting χF of rF . However, Theorem 4.12 shows equivariance for
the Γpl,RCM -action for any choice of χF .
References
[Bla16] Chris Blake. A plectic Taniyama group. ArXiv e-prints, page arXiv:1606.03320, June
2016.
[Del71] Pierre Deligne. Travaux de Shimura. In Séminaire Bourbaki, 23ème année (1970/71),
Exp. No. 389, pages 123–165. Lecture Notes in Math., Vol. 244. Springer, Berlin, 1971.
[Del79] Pierre Deligne. Variétés de Shimura: interprétation modulaire, et techniques de con-
struction de modèles canoniques. In Automorphic forms, representations and L-functions
(Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, Proc.
Sympos. Pure Math., XXXIII, pages 247–289. Amer. Math. Soc., Providence, R.I., 1979.
[Del82] Pierre Deligne. Motifs et groupes de Taniyama. In Hodge cycles, motives, and Shimura
varieties, volume 900 of Lecture Notes in Mathematics, pages 261–279. Springer-Verlag,
Berlin-New York, 1982.
[DS17] Fred Diamond and Shu Sasaki. A Serre weight conjecture for geometric Hilbert modular
forms in characteristic p. arXiv e-prints, page arXiv:1712.03775, Dec 2017.
[DT04] Mladen Dimitrov and Jacques Tilouine. Variétés et formes modulaires de Hilbert arith-
métiques pour Γ1(c, n). In Geometric aspects of Dwork theory. Vol. I, II, pages 555–614.
Walter de Gruyter, Berlin, 2004.
PLECTIC GALOIS ACTION ON HILBERT MODULAR VARIETIES 20
[Hat02] Allen Hatcher. Algebraic topology. Cambridge University Press, Cambridge, 2002.
[Hid04] Haruzo Hida. p-adic automorphic forms on Shimura varieties. Springer Monographs in
Mathematics. Springer-Verlag, New York, 2004.
[Kot92] Robert E. Kottwitz. Points on some Shimura varieties over finite fields. J. Amer. Math.
Soc., 5(2):373–444, 1992.
[Lan83] Serge Lang. Complex multiplication, volume 255 of Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, New
York, 1983.
[Liu16] Yifeng Liu. Hirzebruch-Zagier cycles and twisted triple product Selmer groups. Invent.
Math., 205(3):693–780, 2016.
[Mil05] James S. Milne. Introduction to Shimura varieties. In Harmonic analysis, the trace for-
mula, and Shimura varieties, volume 4 of Clay Math. Proc., pages 265–378. Amer. Math.
Soc., Providence, RI, 2005.
[Mil07] James S. Milne. The fundamental theorem of complex multiplication. ArXiv e-prints,
page arXiv:0705.3446, May 2007.
[Mil17] James S. Milne. Introduction to Shimura varieties.
https://jmilne.org/math/xnotes/svi.html, 2017. Revised version of [Mil05], September
2017.
[Nek09] Jan Nekovář. Hidden symmetries in the theory of complex multiplication. In Algebra,
arithmetic, and geometry: in honor of Yu. I. Manin. Vol. II, volume 270 of Progr. Math.,
pages 399–437. Birkhäuser Boston, Inc., Boston, MA, 2009.
[Neu92] Jürgen Neukirch. Algebraische Zahlentheorie. Springer-Verlag, Berlin, 1992.
[NS16] J. Nekovář and A. J. Scholl. Introduction to plectic cohomology. In Advances in the theory
of automorphic forms and their L-functions, volume 664 of Contemp. Math., pages 321–
337. Amer. Math. Soc., Providence, RI, 2016.
[NS17] J. Nekovář and A. J. Scholl. Plectic Hodge theory I.
https://www.dpmms.cam.ac.uk/ ajs1005/, 2017. Preprint.
[Orr18] Martin Orr. Galois conjugates of special points and special subvarieties in Shimura vari-
eties. arXiv e-prints, page arXiv:1812.06819, Dec 2018.
[Shi71] Goro Shimura. Introduction to the arithmetic theory of automorphic functions. Publica-
tions of the Mathematical Society of Japan, No. 11. Iwanami Shoten, Publishers, Tokyo;
Princeton University Press, Princeton, N.J., 1971. Kanô Memorial Lectures, No. 1.
[Tam19] Matteo Tamiozzo. On the Bloch–Kato conjecture for Hilbert modular forms. PhD thesis,
Universität Duisburg–Essen, 2019.
[Tat16] John Tate. On conjugation of abelian varieties of CM type. In Barry Mazur and Jean-
Pierre Serre, editors, Collected works of John Tate, pages 153–158. American Mathemat-
ical Society, Providence, RI, 2016.
[TX16] Yichao Tian and Liang Xiao. p-adic cohomology and classicality of overconvergent Hilbert
modular forms. Astérisque, (382):73–162, 2016.
Department of Pure Mathematics and Mathematical Statistics, University of
Cambridge, Wilberforce Road, Cambridge, CB3 0WB, United Kingdom
E-mail address : m.leonhardt@dpmms.cam.ac.uk
